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The eﬀects of the inhomogeneous material property variation on the mode-3 crack propagation characteristics have
been analyzed. The spectral form of the elastodynamic boundary integral equations are derived for a functionally graded
material, which is used as the numerical tool in our analysis. The material property gradient is assumed to vary unsym-
metrically in the direction normal to the fracture plane. A parametric study has been performed by systematically varying
the inhomogeneity length scale. In comparison with a homogeneous material, an unsymmetric functionally graded material
oﬀers lesser fracture resistance. The fracture resistance progressively decreases with increase in inhomogeneity, quantiﬁed
by the increase in crack sliding displacement jumps, crack tip velocities and accelerations. The material property inhomo-
geneity aﬀects only the transient crack propagation velocities, while the quasi-steady-state velocity remains unaltered.
 2006 Elsevier Ltd. All rights reserved.
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Many biological structures such as bones and shells have material properties that vary smoothly with spa-
tial position in order to eﬃciently respond to the surrounding mechanical loads (Krassig, 1993; Suresh and
Mortensen, 1998). The concept of tailoring the spatial properties in engineering is not new as well, for example
case hardened steel components have hardness varying continuously with depth in order to provide better
wear resistance. Also, composites both layered as well as particulate have reinforcing material in either speciﬁc
directions or at random to increase the speciﬁc strength and stiﬀness of the structure. One draw back of the
composite systems is that there exists a distinct interface across the plies or the particle-matrix, which acts as a
source of stress concentration and a potential site for delaminations or cracks to initiate. The concept of a
functionally graded material tries to resolve the problem of the material property mismatch by continuously0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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material (FGM) is an inhomogeneous material with a known functional form of the material inhomogeneity.
Applications such as thermal barrier coatings (Movchan and Yakovchuk, 2004), ballistic impact resistance
structures (Chin, 1999) and wear resistive coating (Schulz et al., 2003) are some examples where FGMs are
used. Modern day structural designs are based on the concepts of fracture mechanics and a thorough under-
standing of the fracture response of FGMs is key in designing structures using them. Hence, the primary
objective of this study is to understand the fracture response of graded materials. In particular, the eﬀect of
material inertia is considered here, that can become either important when the loads applied are time depen-
dent or even when the velocity of crack propagation becomes comparable to the material wave speed.
One of the early works in fracture mechanics considering the material inhomogeneity was that of Delale and
Erdogan (1983), who performed an asymptotic analysis of a stationary tensile crack and extracted the stress-
intensity factor. From their analysis they found that the near-tip stress-intensity factor was not aﬀected by
the material property inhomogeneity. Eischen (1987) in his asymptotic stress-series (similar to the Williams
(1952) expansion for homogeneous materials) conﬁrmed that the most singular term was unaﬀected by the inho-
mogeneous material property variation. Parameswaran and Shukla (2002) have obtained the higher order terms
in the asymptotic stress-series expansion and found that the material inhomogeneity aﬀects only the higher order
terms. Zhang et al. (2003) have studied the eﬀect of material inhomogeneity on the mixed-mode stress-intensity
factor ahead of a stationary crack. Due to the complexity of the analysis, only a limited number of studies avail-
able in the literature have considered the eﬀect of material inertia in functionally graded materials. Paramesw-
aran and Shukla (1999) have obtained the asymptotic stress and displacement ﬁelds for a crack propagating in a
graded material. Their analysis assumed exponential and linear variation of the properties in the continuum.
Meguid et al. (2002) have studied the eﬀect of material property inhomogeneity on the crack speed variation
and dynamic stress-intensity factor in a FGM. They solved a singular integral equation in their analysis, which
indicated that the material inhomogeneity has no eﬀect on the most singular term. Recently, Wang and Nakam-
ura (2004) have performed rapid crack propagation simulations in FGMs using a ﬁnite element method. They
have varied the fracture toughness in the direction of the crack propagation by continuously varying the cohesive
zone properties. Their study showed that the crack propagation characteristics were aﬀected by the material
property inhomogeneity. In the present study, we propose to understand the eﬀects of material inhomogeneity
and inertia by performing numerical simulations of rapid crack propagation in functionally graded materials.
There are several robust numerical techniques commonly used to simulate rapid crack propagation in solids, this
includes, boundary integral method (Israil and Banerjee, 1990; Liu and Rizzo, 1993), ﬁnite diﬀerences (Yang and
Ravi-Chandar, 1996; Mikumo et al., 1987), ﬁnite elements (Wang and Nakamura, 2004; Atluri and Nishioka,
1985; Safjan and Oden, 1993) and cohesive volume ﬁnite element (CVFE) (Xu and Needleman, 1994; Geubelle
and Baylor, 1998; Camacho and Ortiz, 1996). All of the above-mentioned techniques are computationally inten-
sive and mostly suited for simulations when the crack propagation path is not known a priori. The focus of the
present work is to understand the eﬀect of the material property inhomogeneity on the crack propagation char-
acteristics. Hence, we restrict our attention to simulating planar, rectilinear crack propagation. Geubelle and
Rice (1995) have developed an eﬃcient numerical tool called the ‘‘spectral scheme’’ that can simulate planar
crack propagation. The scheme is versatile and can handle a variety of applied tractions (Geubelle and Kubair,
2001), state- and rate-dependent cohesive (Kubair et al., 2002) and friction models (Rice et al., 2001). The spec-
tral scheme has been derived for variousmaterial systems such as bimaterial interfaces (Geubelle and Breitenfeld,
1997; Breitenfeld and Geubelle, 1998), viscoelastic materials (Geubelle et al., 1998), and orthotropic solids
(Hwang and Geubelle, 2000). In this article, we extend the spectral formulation to simulate spontaneous crack
propagation in functionally graded materials under anti-plane shear loading conditions. The formulation and
the details of the numerical implementation are presented in Sections 2 and 3, respectively. In Section 4, we pres-
ent the results from our parametric study that we have performed using the spectral scheme and illustrate the
eﬀect of the material property inhomogeneity on the crack propagation characteristics.
2. Spectral formulation
The spectral form that will be presented here is an exact elastodynamic relation between the Fourier coef-
ﬁcients of the tractions and the corresponding displacement discontinuities. As mentioned earlier, the spectral
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Fig. 1. Geometry of the model elastodynamic problem. A crack of initial length a0 is allowed to propagate spontaneously on the weak
plane that has a constant fracture toughness Gc = scdc/2, while subjected to an uniform anti-plane shear loading of s0 = sc/2. The material
properties l and q vary unsymmetrically about the weak plane as depicted in the left side of the ﬁgure.
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materials. Also, this scheme has been extensively used to study a wide range of physical phenomenon, such
as state- and rate-dependent slip (Rice et al., 2001), intersonic crack propagation (Geubelle and Kubair,
2001) and rate-dependent cohesive zone models (Kubair et al., 2002). Also, as noted in Section 1, the spectral
scheme has not been formulated for an in-homogeneous material. In the present study, we derive the spectral
formulation for a functionally graded material. In our formulation we consider an unbounded inhomogeneous
solid with a shear modulus l(x1,x2) and density q(x1,x2), which leads to a shear wave speed of cs ¼ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
lðx1; x2Þ=qðx1; x2Þ
p
. We formulate the problem in the Cartesian coordinate system whose origin is located
at the left crack tip (Fig. 1). The plane x2 = 0 is the weak plane on which the crack is allowed to propagate
spontaneously under the action of a time and space dependent external mode-3 load s0. The balance of the
linear momentum for the anti-plane shear case considered here is given byr31;1 þ r32;2 ¼ qðx1; x2Þ€u3; ð1Þ
where r31 and r32 are the stress components and u3 is the out of plane displacement. In Eq. (1) the
comma notation represents partial diﬀerentiation with respect to the spatial coordinates, the dot (.) repre-
sents diﬀerentiation with respect to time and repeated indices imply the indicial summation convention. Com-
bining the kinematic and constitutive relations we can write the stresses in terms of the out of plane
displacement asr3a ¼ lðx1; x2Þu3;a; ð2Þ
where the subscript a ranges from 1 to 2. We can recast the conservation of the linear momentum (Eq. (1)) in
terms of the out of plane displacement (u3), similar to the Navier’s equation, which is given bylðu3;11 þ u3;22Þ þ l;1u3;1 þ l;2u3;2 ¼ q€u3: ð3Þ
The above equation is a linear hyperbolic equation and can be reduced to the standard scalar wave equation
when the material property gradient vanishes, that is in case of a homogeneous material. In the present anal-
ysis, we consider the material property gradient to be in the direction perpendicular to the direction of crack
propagation. The assumed material property inhomogeneity varies unsymmetrically about the weak plane as
shown in the left side of Fig. 1. It is important to note that an unsymmetric material property variation chosen
in the present study leads to a continuous gradient. For the sake of mathematical simplicity we have assumed
identical spatial variations of the shear modulus (l) and the rigidity modulus (q) (Fig. 2) aslðx2Þ ¼ l0 expðx2=LgÞ;
qðx2Þ ¼ q0 expðx2=LgÞ;

ð4Þwhere Lg is the inhomogeneity length scale that controls how rapidly the material properties vary spatially
along x2. The inhomogeneity scale Lg can be of the order of a few microns (in the case of thermal barrier coat-
ings) or several meters (as in the case of tectonic plates). The trivial case of a homogeneous material can be
obtained by setting the length scale Lg =1. The conservation of linear momentum can be further simpliﬁed
for our graded material as
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Fig. 2. Material property variation with x2. The density (q) and rigidity modulus (l) vary exponentially as given by Eq. (4). The material
properties are shown normalized by the properties on the weak plane, namely q0 and l0. A higher value of the material property length
scale Lg signiﬁes a decrease in the inhomogeneity. A homogeneous material is one that has Lg =1. Here dc is the critical crack sliding
displacement explained in Eq. (26).
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1
c2s
€u3: ð5ÞIn the present study, we have assumed identical variations of the shear modulus (l) and density (q), which
leads to a homogeneous shear wave speed in our analysis. The homogeneous shear wave speed is thus given
by cs ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l0=q0
p ¼ ﬃﬃﬃﬃﬃﬃﬃﬃl=qp . The governing Navier’s equation (5) can be written as an ordinary diﬀerential equa-
tion in x2 by transforming the out of plane displacement into the Fourier and Laplace domains, respectively.
In terms of the transformed displacement w^ðk; x2; pÞ ¼ L½wðk; x2; tÞ ¼ L½F ðu3ðx1; x2; tÞÞ the governing equation
can be written asw^;22 þ 1Lg w^;2  k
2c2s w^ ¼ 0: ð6ÞIn the above equationcs ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p2
c2sk
2
þ 1
s
: ð7ÞThe general solution to Eq. (6) is given byw^ðk; x2; pÞ ¼ C1 expðm1x2Þ þ C2 expðm2x2Þ; ð8Þ
where C1 and C2 are arbitrary constants that can be determined by applying appropriate boundary conditions.
Also, in the above equation, m1 and m2 correspond to the roots of the characteristic equation (6), which are
given by ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃqm1=2 ¼
1 1þ 4k2c2sL2g
2Lg
: ð9ÞThe displacements and hence the stresses need to be bounded far away from the weak plane that requires the
arbitrary constant C1 to vanish in the upper half-space (x2 > 0) and similarly the constant C2 should vanish in
the lower half-space (x2 < 0). Hence, the solutions to the upper and lower half-spaces are not identical, this is
due to the fact that the material property variation is unsymmetric. The solution in the two half-spaces can be
written asw^þðk; x2 ¼ 0þ; pÞ ¼ w^0ðk; pÞ expðm2x2Þ;
w^ðk; x2 ¼ 0; pÞ ¼ w^0ðk; pÞ expðm1x2Þ;
)
ð10Þ
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relating the tractions and displacements on the weak plane can be obtained by following the combined formu-
lation of Geubelle and Breitenfeld (1997). In order to combine the elastodynamic responses of the two half
spaces, we deﬁne two auxiliary quantities g(x1, t) and d(x1, t), which correspond to twice the average displace-
ment on the weak plane and crack opening displacement, respectively. Mathematically the auxiliary quantities
take the following form:gðx1; tÞ ¼ uþ3 ðx1; tÞ þ u3 ðx1; tÞ ¼
Z 1
1
Sðk; tÞ expðikx1Þ dk;
dðx1; tÞ ¼ uþ3 ðx1; tÞ  u3 ðx1; tÞ ¼
Z 1
1
Dðk; tÞ expðikx1Þ dk;
ð11Þwhere S(k, t) and D(k, t) are the Fourier modes of the auxiliary quantities. In the deﬁnition of the above aux-
iliary quantities, we have not assumed any symmetry of the crack opening. In order to arrive at the spectral
form, we need to represent the tractions s(x1, t) = r32(x1,x2 = 0
±, t) on the weak plane in the Fourier domain
and are given byT ðk; tÞ ¼
Z 1
1
sðx1; tÞ expðikx1Þ dx1: ð12ÞThe Fourier coeﬃcients of the tractions can be related to the auxiliary quantities using the constitutive modelT^ ðk; pÞ ¼ l0m2
2
S^ðk; pÞ þ D^ðk; pÞ  ¼ l0m1
2
S^ðk; pÞ  D^ðk; pÞ : ð13Þ
The tractions can be written in terms of the crack sliding jumps D(k,p) asT^ ðk; pÞ ¼ l0
m1m2
ðm1  m2Þ D^ðk; pÞ: ð14ÞIn the form represented in Eq. (14) the two halves will tend to separate at the instant of application of an exter-
nal load, which is restrained by the action of the cohesive forces on the weak plane. This eﬀect can be extracted
in the form of an instantaneous response that is given byT^ inst ¼  l0cs pD^ðk; pÞ: ð15ÞCombining the instantaneous response with Eq. (14) we obtain the elastodynamic response of the two inho-
mogeneous half spaces asT^ ðk; pÞ ¼  l0
cs
pD^ðk; pÞ þ l0
m1m2
m1  m2 þ
p
cs
 
D^ðk; pÞ: ð16ÞInverse Laplace transform of the above relation leads to the time domain spectral formT ðk; tÞ ¼  l0
2cs
_Dðk; tÞ þ F ðk; tÞ; ð17Þwhere F(k, t) is the convolution term corresponding to the relation between the tractions and the history of the
displacement jumps and is given byF ðk; tÞ ¼  l0jkj
2
Z t
1
C3ðjkjcsðt  t0ÞÞDðt0; kÞjkjcs dt0: ð18ÞIn the above equation, C3 is the convolution kernel. In most elastodynamic problems such as the bi-material
case (Breitenfeld and Geubelle, 1998) and the orthotropic case (Hwang and Geubelle, 2000) the convolution
kernel does not have an analytical closed-form expression and hence, needs to be obtained by using a numer-
ical Laplace inversion program. However, the kernel for the functionally graded material case considered here
has a closed-form expression and is given byC3ðHÞ ¼ x2J 01ðHÞ þ ð1þ x2Þ
J 11ðHÞ
H
; ð19Þ
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Fig. 3. Convolution kernel C3(H) for the combined formulation given by Eq. (19). Similar to the homogeneous case, the convolution
kernel for the unsymmetric graded material is well behaved and non-singular. In the ﬁgure dc represents the critical crack opening
displacement (Eq. (26)).
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1
1 are the Bessel’s function of the ﬁrst kind and order zero and one, respectively. The parameter
x is related to the material inhomogeneity length scale Lg and is given byx ¼ 1
2kLg
: ð20ÞIt is important to note that the trivial case of a homogeneous material is readily obtained when the inhomo-
geneity parameter Lg =1. The convolution kernel is depicted in Fig. 3, for two inhomogeneity length scales
along with the homogeneous case. In the case of the unsymmetric functionally graded material the convolu-
tion kernel is a well-behaved function, similar to the other spectral forms (Geubelle and Rice, 1995; Morrissey
and Geubelle, 1997; Breitenfeld and Geubelle, 1998; Geubelle et al., 1998). The kernel decays rapidly thereby
allowing reduction in the computational eﬀort by considering only the signiﬁcant terms in the series as de-
scribed in Geubelle and Breitenfeld (1997). The spectral representation of the elastodynamic equations for
a functionally graded material is completed by inverting Eq. (17) into the spatial domain (x1) and applying
an appropriate external mode-3 traction s0(x1, t) on the weak planesðx1; tÞ ¼ s0ðx1; tÞ  l0
2cs
_dðx1; tÞ þ f ðx1; tÞ; ð21Þwhere f(x1, t) corresponds to the convolution over the slip history. The applied tractions in the above equation
can be an arbitrary function of both space and time (x1, t). There are two important numerical implementation
issues for the above developed spectral form, ﬁrst is the computation of the convolution term and the second is
the update of the crack sliding displacements with time. The speciﬁcs of the numerical implementation are de-
scribed in the next section.3. Numerical implementation
The numerical implementation of the spectral scheme for the case of a functionally graded material is sim-
ilar to the other spectral schemes (Morrissey and Geubelle, 1997; Geubelle and Breitenfeld, 1997; Geubelle
et al., 1998). In this section, we describe the implementation speciﬁcs of the spectral scheme for an unsymmet-
ric functionally graded material. The two important computations in the spectral scheme are the accurate eval-
uation of the Fourier coeﬃcients and the time update of the ﬁeld variables. The numerical Fourier transform is
obtained by using the fast Fourier transform (FFT) algorithm. The FFT algorithm requires the weak plane X
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coeﬃcients are obtained as½dðx1; tÞ; f ðx1; tÞ ¼
Xk¼N=2
k¼N=2
½DkðtÞ; F kðtÞ expð2pikx1=X Þ: ð22ÞThe Fourier coeﬃcients in the above equation are computed in conjunction with Eqs. (11), (18) and (21). The
numerical representation of the Fourier transform introduces an artiﬁcial replication as indicated in the equa-
tion above, that is represented by the change in the spectral mode number from k! 2pk/X. The convolution
integral is computed using the pre-integrated, truncated kernel as described in Geubelle and Rice (1995), to
account for the response from the slip history. The second numerical implementation speciﬁc, the time update
is performed by using an explicit time integration scheme asdðx1; t þ DtÞ ¼ dðx1; tÞ þ Dt _dðx1; tÞ: ð23Þ
The choice of the explicit scheme is driven by the need to maintain a very small time step size Dt that is re-
quired to capture the damage event occurring inside the cohesive zone. An implicit time stepping algorithm
would allow for a reduction in computational time but will be unable to capture the details of the damage
inside the cohesive zone and hence is not implemented in our present analysis. From the existing literature
on the analysis of cohesive zone models using a spectral scheme we have chosen the time step size to beDt ¼ bDx1
cs
: ð24ÞIn the above equation b is chosen to be 0.2, and corresponds to a situation where a signal traveling at the shear
wave speed (cs) reaches 20% of the distance Dx1 in a given time increment. Higher values of the non-dimen-
sional parameter b might lead to numerical instabilities as described in Kubair and Geubelle (2003). The time
update is completed by introducing a cohesive model that relates the cohesive shear strength sstr to the crack
sliding jumps, its rate and probably even spatial position through a general relation such assstr ¼ sðx1; t; d; _dÞ: ð25Þ
The spectral scheme is versatile and can handle any general form of state- and rate-dependent cohesive (Kub-
air et al., 2002; Kubair and Geubelle, 2003) and friction laws (Rice et al., 2001). However, in the present work,
the emphasis in on characterizing the eﬀect of the material property inhomogeneity on the crack propagation
and hence we have used a simple quasi-linear damage-dependent cohesive zone model given bys ¼ sc 1 ddc
 	
; ð26Þwhere sc and dc are material parameters representing the fracture strength and the critical crack opening dis-
placement, respectively. The area under the traction-separation law corresponds to the energy required to
propagate the crack and for the model described in Eq. (26) the energy release Gc = scdc/2. As noted in Section
1, the main advantage of the spectral formulation is the reduction in the computational eﬀort. The scheme
developed thus far can handle planar two-dimensional crack propagation problems in functionally graded
materials. A similar computation using the ﬁnite element method would require a minimum of N2 degrees
of freedom. The other advantage of the scheme is the computation of the Fourier transform, which can be
computed in a parallel machine, which will reduce the computational time. The calculation of the convolution
integral (Eq. (18)) is the most time consuming step in the spectral scheme and each spectral mode of the con-
volution integral can be computed in diﬀerent processors thereby enhancing the speed. The idea of paralleliz-
ing the spectral scheme can be very useful when handling three dimensional planar crack propagation
problems. The accuracy of the scheme depends on the number of grid points chosen in the spatial direction.
The number of grid points also corresponds to the number of spectral modes in the Fourier series. From a
spatial convergence point of view, we have observed that a minimum of 1024 (210) number of Fourier modes
are required. The above-formulated spectral scheme is used to perform a parametric study in order to under-
stand the physics of crack propagation in functionally graded materials and is described in the next section.
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We have performed a parametric study by varying the inhomogeneity length scale Lg in order to illustrate
the eﬀect of the property gradient on the crack propagation characteristics. The elastic and fracture properties
on the weak plane were assumed to be constant. The elastic properties on the weak plane, namely the shear
modulus l0 and density q0 were assumed to be 10 Pa and 1 kg m
3, respectively. A constant fracture toughness
Gc = 1/1200 J m
2 was obtained by choosing the value of the maximum shear stress sc = 1 Pa and the critical
crack opening displacement dc = 1/600 m. In all our simulations the external load applied s0 was maintained
constant at sc/2. The length of the weak plane was chosen to be X = 16a0 (Fig. 1). The crack propagation was
restricted to half the domain size (X/2) in order to avoid the interactions of the phantom cracks, which is a
numerical artifact that arises from the discrete Fourier transform representation. As mentioned earlier, the
material property inhomogeneity is in the direction normal to the crack plane. In all our simulations, the inho-
mogeneity length scale Lg is always maintained greater than the critical crack sliding displacement (Lg > dc).
We have performed the simulations for several values of Lg, but in the discussions that follows we restrict our
attention to two speciﬁc values of Lg for the purpose of illustration. The values chosen are Lg = 1/100 m (Lg/
dc = 6) and Lg = 2/300 m (Lg/dc = 4). The FGM with Lg/dc = 4 is the most inhomogeneous and the trivial
case of Lg/dc =1 corresponds to a homogeneous material. The crack opening displacements are aﬀected
by the material property gradient and illustrated in Fig. 4. The crack sliding displacement proﬁles were
obtained by recording snapshots of the displacement jumps (d(x1, t)) at regular intervals of time 0.4 a0/cs apart.
The crack sliding displacements increase with increase in the inhomogeneity (decrease in Lg) and the positions
of the crack and cohesive zone tips lead the ones from those of a homogeneous material. The above observa-
tions indicate that the crack in the graded materials experiences lesser fracture resistance as the crack length
and the crack opening are larger for the same applied load s0. A magniﬁed view of the crack sliding displace-
ments for both the graded and homogeneous materials are shown in Fig. 5. For the sake of clarity, the time
interval between any two successive snapshots has been delayed to 0.8a0/cs. As indicated from the crack sliding
displacement proﬁles (Fig. 4), the cohesive-zone and crack tip positions in the functionally graded materials
lead those in the homogeneous material at any given instant of time. The eﬀect of increasing the inhomoge-
neity is to increase the amount of lead in the crack tip position. The case of Lg = 4dc is the ﬁrst, followed by
Lg = 6dc and the last being the homogeneous material. This indicates that the cohesive traction, cohesive zone
size and crack propagation velocity are aﬀected by the material property inhomogeneity. We examined the
variation of the stresses along the weak plane and found that the stresses indeed get modiﬁed inside the
cohesive zone. However, the stress variation ahead of the crack tip is unaﬀected by the material property
inhomogeneity. This observation follows the conclusions from the asymptotic elastodynamic analysis of0 1 2 3 4 5
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Fig. 4. Evolution of the crack sliding displacement d for three values of the inhomogeneity length scale Lg. The crack sliding proﬁle
snapshots are separated by a constant time interval of 0.4a0/cs.
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Fig. 5. Magniﬁed view of the crack sliding proﬁles depicted in Fig. 4. In order to represent the details of the cohesive damage clearly, the
time duration between successive snapshots has been delayed to 0.8a0/cs. The extent of the cohesive zone is indicated by the horizontal
dotted line at d = dc.
M.G. Kulkarni et al. / International Journal of Solids and Structures 44 (2007) 229–241 237Parameswaran and Shukla (2002), which indicated that the most singular term is not aﬀected by the material
property gradient.
The material property inhomogeneity aﬀects the crack propagation velocities as indicated by the crack
sliding proﬁles and is better understood by studying its history plotted in Fig. 6. The plot of the velocity
history is obtained by numerically diﬀerentiating the crack tip position history that is recorded at every time
step during the simulation. The crack remains stationary until suﬃcient energy is absorbed in the cohesive
zone (Griﬃth’s criterion) after which propagation begins. It is important to note that the fracture toughness
on the weak plane is constant and identical for all the materials considered in our simulations. The material
inhomogeneity hastens the beginning of crack propagation. The crack begins to propagate in the most
inhomogeneous material ﬁrst (Lg = 4dc), followed by the lesser inhomogeneous material and ﬁnally in the
homogeneous material (Lg =1). The crack tends to reach a quasi-steady-state of propagation and is not
aﬀected by the material inhomogeneity. The speed of the quasi-steady-state velocity is also invariant and
is equal to the shear wave speed of the material. It is important to note that the material wave speed (cs) is0 1 2 3 4
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Fig. 6. Evolution of the crack tip velocity for diﬀerent material property inhomogeneities. The initial transient phase of propagation is
aﬀected by the material inhomogeneity, while in the quasi-steady-state of propagation the crack reaches the shear wave speed of
propagation as indicated by the horizontal dotted line at vc = cs.
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Fig. 7. Crack tip acceleration history, obtained my numerical diﬀerentiation of the crack tip velocities. The crack reaches a quasi-steady-
state indicated by the vanishing accelerations.
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state velocities reaching cs is governed by the physics of the problem (the limiting speed in case of the mode
3 loading). The material property inhomogeneity seems to aﬀect only the transient crack propagation phase
and is better explained by the crack tip acceleration history (Fig. 7). The crack reaches a quasi-steady-state of
propagation when the external driving force, inertia force and the resisting force due to the fracture toughness
(Gc) reach equilibrium. The beginning of the crack propagation was advanced as seen from the velocity history
(Fig. 6). The crack tip accelerations are reduced by the material property inhomogeneity indicated by the
maximum accelerations achieved by the homogeneous material (Lg =1) and followed by the inhomogeneous
materials. The reduction in the magnitude of crack tip accelerations indicates a reduction in the fracture
resistance. A smaller driving force is suﬃcient to drive a crack in an unsymmetric functionally graded material
as compared to a homogeneous material. The crack accelerates and reaches a maximum indicating the
time instant at which the eﬀect of material inertia reaches equilibrium. This instant of time is also aﬀected
by the inhomogeneity as expected and is delayed with decrease in the inhomogeneity (increasing Lg). The
material is denser on one side of the weak plane compared to the other (unsymmetric variation). The accel-
eration history indicates that the eﬀective density of the material as sensed by the fracture process zone
is increased indicated by the reduction in accelerations. After the initial accelerating phase, the crack deceler-
ates in all the materials considered in our study and reaches a quasi-steady-state of propagation, indicated by
the vanishing crack tip accelerations. The deceleration of the crack in graded materials is more rapid than in
the homogeneous material and hence advances the time at which the quasi-steady-state of propagation is
attained.
The magniﬁed crack sliding displacement proﬁles (Fig. 5) indicated that the size of the cohesive zone is
aﬀected by the material property inhomogeneity. Fig. 8 depicts the history of the cohesive zone size, which
illustrates the eﬀect of the material property inhomogeneity. The cohesive zone length initially increases for
all the materials in the transient stage followed by the reduction and then reaching a valley, in which the
energy absorbed in the cohesive zone remains constant signifying a quasi-steady-state of crack propagation.
The eﬀect of increasing the material inhomogeneity (decrease in Lg) is to reduce the cohesive zone size. Fol-
lowing the idea of Dugdale, considering the cohesive zone as a strip-yield zone, a decrease in the cohesive zone
length signiﬁes an increase in the ‘‘brittleness’’. This observation follows the trend illustrated by the crack slid-
ing displacements, history of the crack tip velocities and accelerations, that a crack in a functionally graded
material experiences a reduced fracture resistance.
The energetics of crack propagation is also aﬀected by the inhomogeneous variation of the material prop-
erty as illustrated by the history of the rate of energy release in the cohesive zone (Fig. 9). The rate of energy
release P(t) is given by the following:
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Fig. 8. Evolution of the cohesive zone size with varying material property inhomogeneity. A larger cohesive zone indicates higher fracture
resistance. The length of the cohesive zone decreases reaching a plateau, indicating the existence of a quasi-steady-state of propagation.
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Fig. 9. Evolution of the rate of energy absorbed by the cohesive failure as evaluated by Eq. (27). The existence of a quasi-steady-state is
indicated by the power reaching a constant of P = Gccs after the transients have diminished.
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0
sðx1; tÞ _dðx1; tÞ dx1; ð27Þ
where _dðx1; tÞ is the rate of crack sliding displacement d(x1, t). The crack propagation reaches a constant quasi-
steady-state velocity of propagation after the initial transients have vanished. The rate of energy absorbed to
propagate the crack at a constant quasi-steady-state velocity of cs is Gccs and hence used as a normalization
factor. As the material inhomogeneity increases (decrease in Lg) more power is required to drive the crack as
seen. The larger power requirement can be attributed to the fact that the crack sliding displacements are larger
in graded materials. The larger amplitude of the crack sliding displacements leads to larger crack sliding dis-
placement rates _dðx1; tÞ and hence the power required will be increased, even though the length of the cohesive
zone reduces with increase in the inhomogeneity.
5. Conclusions
A spectral formulation for simulating mode-3, planar crack propagation in functionally graded materials
was developed using the combined formulation. The material inhomogeneity was assumed to be unsymmetric
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the material inhomogeneity length scale Lg being the varying parameter and we draw the following conclu-
sions from our results:
(1) In comparison with a homogeneous material an unsymmetric functionally graded material requires more
power to drive the crack. This is also indicated by, larger crack sliding jumps, faster crack tip velocities
and accelerations.
(2) The material inhomogeneity aﬀects only the transient phase of the crack propagation velocities and
accelerations. The crack reaches a quasi-steady-state of propagation for the range of inhomogeneities
considered in our study irrespective of the degree of inhomogeneity.
(3) The cohesive damage and tractions are aﬀected by the material inhomogeneity, while the stresses ahead
of the propagating crack remain unaﬀected.Acknowledgments
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